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COHOMOLOGICAL INVARIANTS OF GROUPS OF 

ORDER p 3 

REBECCA BLACK 


Abstract. We show that the nonabelian groups of order p 3 for odd 
prime p have no nontrivial cohomological invariants of degree 3. 

1. Introduction 

For p an odd prime, there are precisely two nonabelian groups of order 
p 3 , both arising as central extensions of 'Lip x L/p by L/p. Throughout, let 
Gi be the nonabelian group of order p 3 and exponent p l , for i = 1,2. (These 
groups go by various notations and names; my notation here is by no means 
standard, but hopefully the subscripts provide a bit of a mnemonic.) These 
groups have the presentations 

Gi = (a,b,c : (f = bP = [a, c] = [6, c] = 1, [a, b] = c, aP = c l ~ l ). 

In other words, c generates the center, and a and b generate the two factors 
under the projection map to L/p x L/p. 

Both the integral and mod p cohomology of these groups have been com¬ 
puted (see for example [5] and 0), as have the Chow groups [8]. The com¬ 
plete computation of their motivic cohomology, and in particular a complete 
description of their rings of cohomological invariants, has not been given. 
Here we contribute to that endeavor by tying together several recent results 
to compute cohomological invariants of small degree. In particular, we show 
that these groups have no nontrivial invariants of degree 3. 

Acknowledgements. I am grateful to Patrick Brosnan for much guidance, 
both mathematical and practical, and to Masaki Kameko for a fruitful e-mail 
exchange regarding the cycle class map. 

2. A BIT OF BACKGROUND 

Write C = exp(27ri/p 2 ) and ui = exp(27r i/p). There are p-dimensional 
complex representations pt of the groups Gi given explicitly as follows: 

For Gi, the representation p\ is given by sending 

a i-A diag(l, u, cu 2 ,..., cu p_1 ), 
b e-1 (Sij-i), 
c i-A diag(cu,..., cn), 

where Sij = 1 if i = j (mod p) and 0 else. 
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For G 2 , the representation is given by sending 

o^diag(C,C 14l, ,C 1+2,, ,---,C 1+p(p-1) ), 

b h > (8i,j— 1 ), 

c i-A diag(cu,..., u). 

In both cases, the action is free outside of a finite number of lines. Think¬ 
ing of Gi as a complex algebraic group, the representation pi gives a free 
action of Gi on the variety U = A^. — S, where S is the set on which the ac¬ 
tion has nontrivial stabilizers. As Guillot describes in [3], the generic fiber of 
the map U -A U/Gi is a versal Gj-torsor; therefore the ring Inv*(Gj) of coho- 
mological invariants can be thought of as sitting inside Hf t (C(U/Gi),Z/p), 
since a cohomological invariant is determined by its value on a versal torsor. 
Note that since U/Gi is p-dimensional, this implies that Inv n (Gj) is trivial 
for n > p. 

The image of a versal torsor in Hf t (C(U/Gi),Z/p ) will be unramified 
along every valuation arising from a codimension 1 irreducible subscheme. 
Since codim(S) > 1, Totaro showed that every such unramified class gives 
rise to an invariant (letter to Serre reprinted in [3j). Therefore, letting X be 
an appropriate approximation to the classifying space BGi , the invariants 
Inv s (Gj) appear as the E^ term of the Bloch-Ogus spectral sequence [1_|: 

E r / = H r (X, 7i s ) => Hl+ s (X,Z/p), 

where the sheaf TL S is the Zariski sheaf induced by the presheaf U i-a 
H'? t (U, Z/p) for U C X Zariski open. (A note about the choice of X: We 
may take X = U/Gi as defined above, but we may want the codimension of 
S to be larger. Totaro showed that there is a sequence of quasi-projective 
varieties {V n — S n )/Gi where V n is an affine representation and Gi acts freely 
outside S n such that codim S n —> 00 with n m Remark 1.4). We will take 
X to be one of these varieties with codim S n as high as required.) 

The diagonal terms E/’ 1 ' are isomorphic to CH r (X) ®Zjp. The following 
proposition (corollary 5.1.5 in |5]) is obvious from examination of the low- 
degree terms of the spectral sequence: 


Proposition 2.1. For X = U/Gi o,s described above, we have 

Inv 1 (Gj) = H\ t {X,Z/p') 


and 


Inv 2 (Gj) “ 


H%{X,Z/p) 


CH 1 {X)®Z/p' 

Here we identify CH 1 (X)®Z/p with its image inside H^ t {X,Z/p) under the 
map induced by the spectral sequence, which coincides with the standard mod 
p cycle class map. Indeed, as we are over the complex numbers, CH 1 (X) = 
H 2 (X,Z) and by the Bockstein we get that Inv 2 (Gj) = ( X, Z)[p\. 


The other concept we will need is that of stable cohomology, and stable 
cohomological dimension, as defined by Bogomolov and Bohning in [2j. They 
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define the stable cohomology of a group G over C with coefficients in Z/p 
(denoted H*(G,Z/p)) as the quotient of H*(BG,Z/p) by the kernel of the 
map 

H*(BG, Z/p) -> H? t (C(V/G),Z/p), 

where V is any generically free complex linear representation of G. (They 
prove that this is independent of choice of representation V.) This map 
coincides with the composition 

H*(BG, Z/p) -A Inv*(G) -A H^C{V/G),Z/p), 

where the first map is induced from the Bloch-Ogus spectral sequence, and 
the second is inclusion of the invariants into H? t (C(V/G),Z/p) as the classes 
that are unramified along all valuations defined by codimension one subva¬ 
rieties of (V — S)/G for S as described above. Since this second map is 
injective, the kernel of the composition is the kernel of the first map. There¬ 
fore we have for each i that 

H](G,Z/p) “ im(iT(.BG,Z/p) -A W(G)). 

The stable cohomological dimension of G , scd(G), is defined as the lowest 
integer d such that H 2 S (G,F) = 0 for all i > d and all G-modules F. 

3. Degree 3 Invariants 

We now have the ingredients to prove our main result. 

Theorem 3.1. For either group G{ as above, we have Inv 3 (Gj) = 0. 

Proof. From the Bloch-Ogus spectral sequence for appropriate X , we get a 
differential 

d : Inv 3 (Gj) -A CH 2 (BGi ) 0 Z/p. 

Here we’ve taken X such that CH 2 {X ) = CH 2 {BGi). The theorem will 
follow from showing first that imd = 0 and second that kei'd = 0. 

The first step follows immediately from a result of Yagita’s and the Bock- 
stein long exact sequence. The following lemma is Theorem 1.1 in J8] : 

Lemma 3.2. The cycle class map is an isomorphism CF[*(BGi ) = F[ 2 *(BGi, Z). 

Therefore in this case, the diagonal entries of the Bloch-Ogus spectral 
sequence, for appropriate X (that is, with the codimension of S sufficiently 
large) are isomorphic to H 2r (BGi, Z) 0Z /p, and the spectral sequence pro¬ 
vides a map 

c: H 2r (BGi,Z)®Z/p^ H 2r (BGi,Z/p). 

But this map coincides with the normal mod p cycle class map (see 0), 
which is given by composing the cycle map with the change of coefficients 
from Z to Z/p. Since the change of coefficients map arises from the short 
exact sequence 

0 -A Z -A Z -A Z/p -A 0, 

the only classes in H 2r (BGi , Z) that are sent to zero are those divisible by p; 
therefore the map is injective on FL 2r {BGi , Z) ®Z/p. Since the kernel of this 
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map is precisely im(d), this shows that im(d) = 0. (Indeed, it shows that 
the image of any differential into a diagonal entry of the spectral sequence 
must be zero.) 

The second claim, that ker(d : Inv 3 (Gj) -» CH 2 (BGi ) <8 )Z/p) = 0, comes 
as a consequence of Bogomolov and Bohning’s computations of the stable 
cohomological dimension of the groups G*. 

Lemma 3.3. For each of the groups Gi, the stable cohomological dimension 
is at most 2. 

Proof. The G\ case: The group G\ is the Heisenberg group H p discussed by 
Bogomolov and Bohning. By corollary 5.8 in [;2j, scd(Gi) = 2. 

The G 2 case: Consider the normal series 

{1} <1 (a) <3 G 2 . 

This is indeed a normal series, since [a, b] = a p , meaning that bab= a l ~ p 
is a power of a. Further, each quotient is clearly cyclic. Therefore theorem 
3.1 of [2| applies, which says that the length of the nontrivial part of the 
series provides an upper bound on the stable cohomological dimension. In 
this case, that bound is 2. □ 

Therefore we conclude that the image of the map H 3 (BGi,Z/p) —> Inv 3 (Gj) 
arising from the Bloch-Ogus spectral sequence is trivial. Since this map 
should be onto the kernel of d , that kernel is trivial as well. As we have 
shown that d : Inv 3 (Gj) —> CH 2 {BGi) 8 Z /p has both trivial image and 
trivial kernel, we conclude that Inv 3 (G,) = 0 for * = 1,2. 

□ 


References 

[1] S. Bloch and A. Ogus. Gersten’s conjecture and the homology of schemes. Ann. Sci. 
Ecole Norm. Sup., 4(7): 181-201, 1974. 

[2] F. Bogomolov and C. Bohning. Essential dimension, stable cohomological dimension, 
and stable cohomology of finite heisenberg groups. arXiv:1405.1394 [math.AG], 2014. 

[3] S. Garibaldi, A. Merkurjev, and J.-P. Serre. Cohomological invariants in Galois co¬ 
homology, volume 28 of University Lecture Series. American Mathematical Society, 
Providence, 2003. 

[4] P. Guillot. Geometric methods for cohomological invariants. arXiv:math/0612323v2 
[math.AG], 2007. 

[51 I. Leary. The mod-p cohomology of some p-groups. In Math. Proc. Cambridqe Philos. 
Soc. 112, pages 63-75, 1992. 

[61 G. Lewis. The integral cohomology rings of groups of order p 3 . Trans. Amer. Math. 
Soc., 132:509-529, 1968. 

[7] B. Totaro. The chow ring of a classifying space. In Proc. Symposia in Pure Math. 67, 
pages 249-281, 1999. 

[8] N. Yagita. Chow rings of nonabelian p-groups of order p 3 . J. Math. Soc. Japan, 
64(2):507-531, 2012. 

Department of Mathematics, University of Maryland, College Park, MD 
20742-4015 USA 

E-mail address: rblackl@math.umd.edu 


